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AN ANALYSISOF STATICALLYINDETERMINATERUSSESHAVING
MEMBERSSTRESSEDEEYONDTHEPROPORTIONALLIMIT
By ThomasW. Wilder,111- .- .-A—.-
SUMMARY —.
A procedureforanalyzingstaticallyindeterminatetrussesin the ,
plasticstressrangeis presentedwhichisapplicableto trusses@ving ‘-
anynumberof redundantmembers.A numericalexanmleis usedto“i”~~s-~— “–”–””
tr&tetheprocedure.
INTRODUCTION
Althoughthetrusshasgenerallybeenreplaced
sheetas thepreferredstructuralformforthewi”nga
stillconstitutesa usefulconfigurationthatfinds
. ———
-. “.—_ —.”1 ‘--
by the stiffened .
——— ..A-—
and”fuse”l”a’ge}””it‘.=..-”...__J
applicationin air--
craft. The elasticstressanalfiisof thetrusswithredundantmembers
..—...—
d is a classicalproblemwithwhichallstructuralengineersare.&mili”a”~~“- ‘----
Aeronauticalengineers,however,areinterestedin themaximumstrength””‘ ‘“-,~,.
of trussesandthereforea plasticamlysis of the structureis necessary=
Two somewhatdifferentproceduresforanalyzingstaticallyindeterminti~e““”’‘-—
.-
trusseswithmembers,stressedbeyondtheproportionali~t haverecerkly~: :
—
.-
appearedin theaeronauticaliterature(refs.1 and2). Reference1- ...._=
describesa procedurewhichin essenceappliestheprincipleof-mifiimum “f_
complementaryenergyto plastictrussanalysisbut“themethod’islimited“’””-““‘“-
to a singleredundancy.Themethodof reference-2 is an extensionof the ‘“ .
relaxationtechniqueof R.V. Southwelland,in general,requiresthe
determinationof moreunknownsthanthe staticredundancyof thetruss.
Presentedhereinis an applicationof theprincipleof @n{mum com-
plementaryenergyto theanalysisof staticallyindeterminaterusses ‘--”” :“
havingmembersstressedbeyondtheproportionalimitandhavinganynum- “
ber o= redundantmembers.‘Thenumberof unknownquantitiesto be deter-” “-”“;
minedis equalto thenumberof staticredundancies.The useof”the-
—T.-
Rambergand Osgood(ref.3) analfiicalrepresentationf the ~tress-strain-““,.:““
curvethatappliesto aluminumalloys,magnesium,andstainl”ess””s”t—eelp r-
n.dtsa conciseanalyticformulationof theproblemfor-trussestide-of “- ‘-”-’”*
R thesematerials. .- . ..
-’
.
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THEORY
Of thepossiblecombinationsof forces,in themembersof a truss,
whichsatisfyequilibriumamongthemselvesandare in equilibriumwith
the external oads,thecorrect-combinations theonethatminimizesthe
complementaryenergy(seeref.4 fora discussionof themethodof com-
plementaryenergy):
where
u complementaryenergy —
m totalnumberofmembers.in”truss ‘
e change”in lengthof a member
P forceactingin the-member
In additionto theusualassumptionsof trussanalysis,suchas the
assumptionthatthedeformationsarenot sufficiento disturbthegeo-
metricrelationsbetweenthem=bers, thefollowingassumptionsarenmde:
the
the
(1)Anymovementofa supportisperpendicular-tohereactionat
support.
(2) No forcesareactingin themembersbefore,theapplicationof,
externaloads.
(3) me fi~l Stressesin @ membersare Onthe~~res=t?=!n. ~“.
curveand thereforehavenotresultedfromplasticstress”reversal.
The integrationindicatedin equation(1)canbe performedanalytically
throughuseofi-theRamberg-Osgoodrepresentationf thestress-strain
curve(ref.3). Thisrepresentationyieldsthefollowingequation
relatinge and P:
e =~.+. ~pRLP n
()
—.
AE 7AE PR
(2;
where
E elasticmodulus
~. lengthof themember . . —
A cross-sectionalrea”ofthemember
-J
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forcecausinga stressin thememberequalto the0.7’Esecantyield
stress .,,. ..—.
shapepam.meterusedby RambergandOsgoodforthestress-strain.- . ._
curve . ..---—— ___
Relation(2)expressesthe changein lengthas thesuD.of.t_wote~:
thefirstis recognizedas thechangein lengththatwouldoccurif the
memberwereelastic;thesecondtem is theadditionalchangein length”
causedby plasticdeformation. —.
—
Substitutingequation(2)intoequation(1)and subsequentlyinte-
gratingyields
Let
l
.
(3)
P~ ‘pOk+alplk+”” . + aipik+ - l l + ajpjk (4)
where
‘Ok staticallydeterminateforcein the kth membercausedby theexternallmding when j redundantmembersare -
assumedmissing .-.-—.
Pik staticallydeterminateforcein the kth membercaused
by a unittensileforcein the ith redundantmember —
whentheappliedl~ds and theforcesin theother
redundantmembersareassumedequalto zero
al, . . .aJ coefficientsto be determined .-
.
Whenequation(4)is substitutedintoequation(3) and theresulting
expressionforthecomplemental’yenergyisminimizedby equatingto zero
—
itspartialderivativeswithrespectto each a, thereresult6.a~et
of j nonlinearsimultaneousequationswhichdetermineal, . . . aj.
The geneml equationobtainedby setting .. —
K=-) (i=l,2, . ..J) (5)-
aai
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is k–”
*
- ~ ‘Okpik%
..
k=l ‘@k
.-—
[ );~‘R$&‘k+“pm+“““;Raipik+l ““+aJpJk‘k (6)= k ....
(1=1, 2,,0 ..J)
With‘theexceptionof thesecondsummationon theright-handside,e&&-_ ~“~r+r~_
tion (6).is thesameas wouldhaveresultedfroman amlysh of an el=tic. -~.
truss. Theadditionalsummationin equation(6) accountsfortheeffects
due to plasticity. ....-
.
SOLUTIONSOFTEENONLINEARSIMULTANEOUSEQUATIONS 8
A descriptionofiaconvenientprocedureforsolving‘the-nonlinear”””‘ ‘- -,
simultaneousequationsfollows.(Experiencedcomputersmyprefers . ~
methodwithwhichtheyaremorefamiliar.)
Thesetof equations(6) may be written
-..._
---
[A]lal=IKEI‘- lF(a]
or
lal = [A]-lIKEI+ [A]-llF(a)l
(7)
,.”. .M
(8)
.
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where -.
[1A squarematrixhavingas elementsthesummationsappearingas
coefficientsof the a’s in theleft-handsidesof the
equations .- ...
[1A ‘1 [1inverseof A
la! columnmatrixof the a’s
.-
-:: —.
.“
KE columnmatrixconsistingof thefirst(elastic)termsin the
right-handsidesof theequations ..—
..---- .
[F(a)l columnmatrixof thesecond(plastic)termsin theright-hand . ..
sidesof theequations —
Werestressand strainrelatedby theelasticmdulus forall forces “-
in allmembers,thesolutionwouldbe .. . --—--— -----
Ia(o)l=[4-11%1 (9) ‘--
.
Equation(9) representstheelasticsolutionandmay M usedas-a-‘“
firstapproximationto thevaluesforthe als whichare to satis~
. thenonlinearequations.The secondapproximationwillthenbe - .—=.._
la(l)[=Ia(o)l+[A]-llF(a(0))l (lo)
and the rth approximationafterthe firstwillbe ,,.
101ar =Ia ‘0)[+~]-ll~(S,(r-l))l (11)
Eachsetof valuesforthe afs shoul”dbe comparedwiththepre- ,
cedingvaluesto determinewhetheror not continuanceof thei%e~tive
procedureindicatedby eqmtion (11)is justified.Fortrusseshaving
seveml redundantmembers,repeatedapplicationof equation(11)may
yieldvaryingratesof convergenceor divergenceforsuccessivevalues
..... ___
of an a. If theiterationappearsunsatisfactofi,theprocedurecan
usuallybe alteredto prcduce”rapidconvergence.
.
-.. ---
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NUMERICALEXM4PG@
—
—
.
Forillustrationof theprocedure,a trusshavingtwor6dundant
memberswillbe considered.
~ _
I“fthestress-stfiincurveforthematerial .-
of eachmemberis thesame,and if thetensileand compressiveportions-
of thecurveare symmetricalabouttheorigin,eqm’tion(6) yields:
Forthestaticallyindeterminaterussgivenin figurel(a),the
staticallydeterminateloadsystemis shownin figu”rel“(b)and thetwo ~ ___.__J-.- -
redundantloadsystemsare shownin figuresl(c)and l(d). Lengthsand
areasof thetrussmembersare summarizedin tabl&I,alongwiththe -
staticallydeterminateforces. —
The stress-stzaincuryeusedwasarbitrarilychosenandhasa O.~ ‘“.=-..—
secantyieldstressof..@.5 kipsper squareinchanda valueof 6.56 ‘“-””-- .–
for n. ..-
ThesumsobtainedfrtitableII areused(asindicatedbelowthe ———
table)to determinetheeliasticEolutio”n,’which’isthefirst”approxim-~
tion. The sumsrequiredforthesecondapproximationare givenin ‘- ‘- z
-,
—T.-.
tabl’eIII,and theapplicationof.equation(10)to obtainthesecond
approximationis indicatedbelowtableIII.
-. .—.. K._
.
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Furtheriterationsindicate~an Oscillato-iydivergenceof thecoef- ““...
.
ficientss.~andan oscillatoryconvergenceof .a2.Convergencewas ‘“ _._.
obtainedwhenavekagesof successivevaluesof’thecoefficient”were
f usedin theiteration.
.
The finalvaluesfor al and a2 areusedin
tableIV; convergenceis indicatedwhensuccessivesolutionsof eq~- ““” “-
tion(11)resultin identicalvalues.
CONCLUDINGREMARKS
Theanalyticalexpressionforthe stress-straincurveusedin the . _—
presentmethcdforanalyzingstaticallyindeterminatetrusseshaving
membersstressed-abovetheproportionalimithasa formwhichpermits ““” ._
theanalysisto be dividedintotwoparts. The firstpart,or elastic “.=
solution,is simplyan applicationof thefamiliarprincipleof least
workto an elastictruss. The secondpartof theprocedureis a routine
iterativeprocesswhichaccountsfortheplasticdeformationsof the
trussandyieldsa correctionto theelasticsolution. .
Themethodisapplicableto a trusshavinganynunberof redundant”
members.Thenumberof unknownquantitiesto be determinedis equalto “-
thenumberof redundantmembersin thetruss,and theevaluationof these
. unknownquantitiesdeterminesdirectlytheforceactingin eachmember .___
of thetruss. Whentheforcesareknown,thedeformationscanreadily”‘- ‘-
be found.
.
LsngleyAeronauticalLaborato~,
NationalAdvisoryCommitteeforAeronautics, ,-
LangleyField,Vti.,September16, 1952. J...——
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TABLEI.-DIMENSIONSAND STATICALLYDETERMINATE
FORCESUSEDIN NUMERICALEXAMPLE
Member Length Area P. PI Pa
a 30 ‘“ 0.25 7.5 -0.6 0
b 50 .20 12.5 1.0 0
c 5Q .20 0 1.0 0
d 30 .25 -13.0 -0.6 0
e 40 .20 0 -0.8 -0.8
f 30 .25 7.5 0 -0.6
g. 50 .20 0 0 1.0 .
h 50 .20 -12.5 0 1.0
i 30 .25 0 0 ~o.6
J 40 .20 10.0 0 -0.8
.
.
.
10
TABLEII.- COMPUTATIONSFORELASTICSOLUTION
(FIRSTAPPROXIMATION)
PI% P1P2L p22L - PoPIL POP2L”
Member — — — . —
A A A A A
a k3.2 o 0 -540 0
b 250.0 0 0 3125 0
c 250.0 0 0 0 0
d 43.2 0 0 1080 0
e 128.0 128.o 128.0 0 0
f o 0 43.2 0 -540
g o 0 250.0 0 0
h o 0 250.(3 o -3125
i o 0 43.2 , 0 0
J o 0 128.0 0 - UaO
z
714-,-4 128.o 842.4 3665 -5265
[1A ‘1 I II=714.4 128.0 ‘1 = 0.00143895 -o.o0021864128.0 824.4 0.000218640.00L22031
Ia(”l=[4-1-3665II5265
al(o) -6.4249
=
a2(o) 7.2262
~ “--””p
b.
. , .
TABLEIII.- CCMfUTATIONSlWRSECONDWPROHMATION
--@- -c-3
P#lL
A
El
%
--@--
()p 6.%~
2.1214
.1315
.2M8
1.8m
------
,OcKyl
.4729
.0599
.0038
.0139
E
2X
7 I
Member
I (a)
3,8549
-6,4249
-y;
5:1399
0
0
0
0
0
10.125
8.lCKI
-8. ICQ
-10.125
-8.100
10.125
8.100
-8. mo
-10.125
8.1a3
-729
2025
-2025
729
1296
0
0
0
0
0
0
0
0
129:
-729
2025
-2025
729
-1.296
0
0
0
-;. -(810
-p;
7:2262
-4.3337
-5.7810
1.1215
.7500
.7932
1.1007
.0791
.3123
.8921
.6511
,4282
.%Q9
-w46. 5
306.8
-443.0
13f5a.4
-------
0
0
0
0
0
0
0
0
0
------
-. 4
957.7
-121.3
2.8
-18.0
%go chosentogivepositive
%“
-314.3 820.8
-134.7 -351.8
.
II;(l)=a(o)+[A]-l134”7
-351.8I
al(l)
-6.4249 0.2707
. +
I
.
,. a2(~) 7.2262 -0.4588
1
I ‘,
,.
‘J’’”,,’
.,. i~
; ,,, ,,.,“, ,,. i“
-6. u42 :
6.7674
I
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.TARLEIV.- COMPUTATIONSFORFINALAPPROXIMATION
--@--- -@-
a$z
---@-
P
----@-
()p 6.56&
-@--
alPl
.
Member —
3.7855
-6.3092
-6.3092
3.7855
5.0474
l
o
0
0
0
0
1.1146
.7643
.7789
L 1076
.0619
.3297
.8563
.6869
.4110
.5495
2.0378
.1715
.1942
1.9550
------
.0007
.3615
.08z
.0029
.0197
-1485.5
347.2
-393.2
1425.2
-------
0
0
0
0
0
0
0
0
0
------
-. 5
732.0
-172.4
2.1
-25.5
0
0
0
0
-5.5485
-4--1613
6.9365
6.936s
-4.161:
-5.5485
a,
b
c
d
e
f
g
h
i
J
-106.3 533.7
al (r-l) = -6.3092 -45.56 229.6
a~(r-l)
IIa(r)
....+ .m --
—. —
.—
. . . . . . . . . .—.-= 6.9362
II-6.4249+ A -1. [17.2262 45.56-229.6
Ial(r)a2(r) -6.4249 0.1157 -6.3092+ =7.2262 -0.2900 6.9362 ~-”:
.
l .,
E
t 10 klps
.
(a) !huSs.
(c) PI loading.
Figure1.-TruEw
. .
(b) PO loading.
\
andloadsystemsused in numerical example,
F&=’
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